Lam sang thong ké
Phan tich twong quan

Nguyén Vin Tuén

Mot trong nhitng muyc ti€u cua nghién ctru y hoc (va khoa hoc néi chung) 1a tim
hiéu nhitng mbi twong quan gitta cc yéu t 1am sang hay cdc yéu td can 1am sang, va qua
d6 c6 thé tién luong mot yéu td phu thude tir cic yéu td doc lap. “Mbi twong quan” & day
bao gém céc dic diém nhu muc do twong quan (degree of correlation) va xdy dung mot
md hinh tién dodn. M6 hinh & ddy chinh 13 ham sé ndi két hai bién v6i nhau, va ham sb
nay phai c6 do tin cdy nhat dinh va ¢ ¥ nghia sinh hoc dé c6 thé ing dung trong lam
sang.

Chang han nhu tim hiéu méi lién hé giira d6 tudi va mat do xuong (bone mineral
density, hay BMD) c6 nghia 1 ching ta mudn biét mbi twong quan giita hai bién nay ra
sao va c6 thé st dung do tudi dé tién lugng mat do xuwong cho mdt c4d nhan hay khong.
Trong mdi lién hé nay, ching ta xdc dinh BMD 1a bién phu thudc (dependent variable) va
do tudi 1a bién doc ldp (independent variable). N6i theo ngdn ngit todn, goi BMD 1a Y va
d6 tudi 1 X, ching ta mudn tim hiéu do twong quan gitta X va ¥, va ham s6 dé mo ta mbi
lién hé don gian nay. Mot trong nhitng ham s6 don gian nhét va c6 18 thong dung nhit 12
hoi qui tuyén tinh don bién (simple linear regression). Trong bai ndy, t6i s& lan lugc giai
thich phuong phap phan tich dé dat dwoc hai muc tiéu nay.

1. Tém lworc li thuyét

DPé mo ta do twong quan giira hai bién, ching ta can phai udc tinh hé s6 nirong
quan (coefficient of correlation). Va, dé hiéu “co ché” cua hé sb twong quan, ching ta
can 1am quen véi khdi niém hiép bién (covariance). Ching ta biét ring v&i mot bién X
hay Y, c6 ba thong sb théng k& md ta: sé cd mau, sd trung (mean), va phuong sai
(variance), ma t6i d ban qua trong bai Lam sang thong ké thir nhat. Nhung dé mo ta moi

turong quan gitra hai bién X va ¥, chiing ta can dén hiép bién.
C6 thé hiéu hiép bién qua hinh hoc luong gidc nhu sau. Ching ta biét rang cho
mot tam gidc vuong, néu goi canh huyén la ¢ va hai canh con lai 1a a va b, Pinh Ii

Pythagoras cho biét binh phuwong canh huyén bang tong binh phuong hai canh kia:

cd=a’+b’
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Nhung cho mét tam gidc thudng, thi mbi lién hé giita ¢ va hai canh a va b phic
tap hon véi mébi lién hé duoc dinh luong béng ham cosine cua géc C nhu sau:

¢’ =a*+b*=2ab.cosC

Tuong tu nhu vay, cho hai bién X va Y, va néu hai bién nay hoan toan doc 1ap véi
nhau, chiing ta c6 thé phét biéu ring phuong sai ctia bién X + Y bang phuong sai cua X
cOng véi phuong sai cua Y:

var(X + Y) = var(X) + var(Y)

trong d6, “var” 1a viét tit cua phuong sai (tic variance). Chd ¥ ring X+Y 13 mot bién
méi. Ching ta ciing chi y ring cong thirc nay twong duong véi Pinh 1i Pythagoras cho
tam gidc vudng.

Néu hai bién X va Y c6 twong quan nhau, thi céng thirc trén duoc thay thé bang
mdt cong thirc khac véi hiép bién:

var(X + Y) = var(X) + var(Y) + 2xCov(X,Y)

trong d6, “Cov” 12 viét tit ciia hiép bién (tirc covariance). Ching ta chd ¥ rang cong thirc
nay tuong duong véi cong thirc cua tam gidc thuong, va ciing chd ¥ rang cong thic trén

gidng nhu nhj thitc (x+y)’ = x>+ y* +2xy).

Trén day 1a khdi niém. Bdy gid dé di vao chi tiét toan, ching ta cin mot s ki
hiéu dé viét tit cac chi sb trén. Goi x, va y, la hai bién quan sat dugc cua X va Y cho cd
nhan i. Gia st ching ta c6 n ddi twong thii=1,2,3, .....n. Goi X va y 1 hai sb trung
binh ctia bién quan sit dugc x va y; 52 va sf, lan lugc 1a phuong sai cua hai bién, duoc

dinh nghia nhu sau:

= -
va
2= S (5 -5
n—1;z

Do d6, néu X va Y doc lap, ching ta c6 thé viét:
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2 _
x+y

s Sy +s, [1]

Nhung néu X va Y ¢6 lién hé v6i nhau, cong thirc trén khong dap tng dugc van dé mo ta.
Ching ta can tim mét chi s6 khdc moé ta mdi lién hé giita hai bién, bang cich nhan do
1éch ctia bién x tir s6 trung binh, (xl- —X), cho d9 léch cua bién y, (yi —¥), thay vi binh
phuong d6 1éch ting bién riéng 1é nhu cong thire [1]. N6i cach khdc, tich sb hai d6 1éch
chinh 12 hiép bién. Dbi v6i mdi cd nhan, hiép bién la:

cov(x,y,)=(x-x)(y.—Y)

Nhung & dy ching ta ¢6 n ddi trong, cho nén can phai cong tt ca lai va chia cho sé ddi
tuong:

n

cov(x.y) =3 (5 -¥)(3,~) 2

n—1%3

Cong thtc [2] chinh 1a dinh nghia cua hiép bién. Tur hai cong thirc trén, chiing ta ¢ thé
rdt ra vai nhan xét so khéi:

e Phuong sai lic nao ciing 13 sé duong, béi vi ching dugc tinh todn tir binh
phuong, nhung hiép bién c6 thé 4m ma ciing c6 thé duong vi dugc woc tinh tir
tich cua hai d6 1éch.

e Mot hiép bién 1a sb duong c6 nghia 1a d6 1éch tir s6 trung binh ciia x tuin theo
chiéu huéng thuin véi y.

e Mot hi¢p bién 12 s6 am c6 nghia la d6 I¢ch tu s6 trung binh cta x tuan theo
chiéu hudng nghich véi y.

e Néu hiép bién 12 0, thi hai bién x va y doc 14p nhau, tirc khong c6 turong quan
g1 voi nhau.

Mot cach dé “chuan héa” hi€p bién va phuong sai 1a 1ay ti so cua hai chi so nay,

va d6 chinh 12 dinh nghia cta hé sé twong quan. Heé s6 twong quan thudng duoc ki hiéu
bang r:
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Cov(x,y) 3 Cov(x,y)

(3]
\/var(x).var(y) 5, XS,

r =

(Chd ¥ ring cin sd bac hai cua phuong sai 1a do léch chuan, tic la: 5, =4/S. VA
s, = 1/sj , cho nén cong thirc trén dugc mo ta bang do 1éch chuin, thay vi phuong sai).
Véi vai thao tac dai 36, ¢6 thé viét lai cong thtrc [3] nhu sau:

n

1

\/é(xi -9

(5= %)y - ¥) :foyf_:z@xfj@yij

(-5 (n=1)sss,

1

r =

M=

1

1

Cong thuc con dugc biét dén nhu 1a hé s6 Pearson (Pearson’s correlation
coefficient) d& ghi nhan cong hién ciia nha thong ké hoc noi tiéng Karl Pearson, ngudi
dau tién phat trién 1f thuyét vé twong quan vao dau thé ki 20.

Néu gid tri cta r 12 duong, hai bién x va y ciing bién thién theo mot hudng; néu
gid tri cua r 1a am, x va y lién hé ddo nguogc: tic khi khi x ting thi y giam, va ngugc lai.
Néu r =1 hay r = -1 (Biéu dd la va 1b), mbi lién hé cua y va x dugc hoan toan xac dinh;
c6 nghia la cho bét ctr gid tri nao cua x, ching ta c6 thé x4c dinh gid tri cua y. Néur=0
(Biéu d6 1c), hai bién x va y hoan toan doc 1ap, tirc khong c6 lién hé voi nhau.

(a) (b) (©)

15
1
.
.

> ° > ° > ® 9 9 2 3 e+ e 2 2+ 0 o o

10
1

Biéu d6 1: Moi lién hé giira x va y: (a) r = 1, (b) r = -1, va (¢) r = 0 (ddc lap).
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(d) (e) ()

Biéu do 1: Moi lién hé giira x va y: (d) r = 0.80; (e) r = -0.80, va (f) r = 0.001

Tat nhién, trong thyuc té khoa hoc thuc nghiém, it khi ndo ching ta ¢6 nhitng mbi
lién hé xdc dinh nhu vira trinh bay. Vi sai s6 trong do ludng, vi céc 1i do dao dong sinh
hoc, mdi lién hé gitra x va y thuong dao dong cao hon -1 va thap hon 1, nhu Biéu d6 1d,
le va If.

Van dé dit ra 1a dién dich y nghia ctia hé s6 trong quan nhu thé nao? C6 thé xem
hé sb tuong quan nhu 1a mgt “hé s6 anh huong” (effect size). Néu hé sb anh huong cang
cao, thi méi lién hé c6 ¥ nghia 14m sang thuc té. Tuy nhién, vi ¥ nghia 1dm sang con tiy
thudc vao bd moén khoa hoc. Chrfmg han nhu ddi véi cdc bd mon khoa hoc ddi héi do
chinh xdc cao, hé sé twong quan phai trén 0.8 méi c6 thé xem 12 “cé ¥ nghia”; nhung ddi
v6i cdc bd mon khoa hoc 14m sang va y té cong cong, mot hé sd twong quan 0.6 ciing c6
thé 1 ¢6 y nghia. Bang 2 sau day 1a nhitng qui udc chung vé cich dién dich hé sb twong
quan trong 1am sang va y té cong cong.

Bang 2. Y nghia ciia hé s6 twong quan

H¢é so twong quan Y nghia

+0.01 dén +0.1 Moi twong quan qud thap, khong dng ké
+0.2 d¢én +0.3 Moi twong quan thap

+0.4 d¢én +0.5 MGoi trong quan trung binh

+0.6 dén +0.7 MGdi tuong quan cao

+0.8 tr¢ 1én MGdi trong quan rét cao
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Can nhan manh mot lan nira, day chi la nhiing gia tri tham chiéu, né khong c6 nghia la
nhiing “ti€u chuan vang” d¢ ung dung.

2. M6t vi du cu thé
Vi du 1 - Cén niing va vong eo. S4 liéu sau diy dugc trich ra tir mot nghién ciru

qui mo (trén 3000 nguoi) ¢ Viét Nam veé moi lién hé gitra cic chi s6 nhan trac va bénh
tiéu duong. Trong luong va vong eo cua 15 doi tuong dugc do luong va két qua nhu sau:

Trong luong Vong eo (waist; cm)

(weight; kg)
51.0 71.0
66.0 89.0
47.0 64.0
54.0 74.0
64.0 87.0
75.0 93.0
54.0 66.0
52.0 74.0
53.0 75.0
52.0 72.0
48.0 70.0
46.0 66.0
63.0 81.0
40.0 57.0
90.0 94.0

Chu y rang cin ning dugc tinh biang kg va vong eo bang cm. Biéu dd 2 sau ddy thé hién
mdi lién h¢ giira hai bién:

90
1
.

weight
70
1
»

60
1

50

40
L
®

60 70 80 90

waist

Biéu d6 2. Mdi twong quan giita vong eo (waist) va
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can nang (weight) & 15 doi tuong nguoi Viét dugc
chon ngiu nhién

Ap dung cong thie [1] trén ching ta c6 thé mé ta hai bién nay qua cdc chi sé théng ké nhu sau:

51+466+47+...+90

Trong luong trung binh: x = T =57.0kg
51-57) +(66-57)" +(47-57)" +...+(90-57)"
Phuong sai cua trong lugng: sf,:( )+ ) -:5( 1 ) ) =163.6
Vong eo trung binh: y = 71+89+16:+'"+94 =75.5cm
2 2 2 2
Phuong sai vong co: sz(71 75.5)* +(89-75.5) -1|-5(641 75.5) +..+(94-75.5) 106
Va hiép bién:
51-57)x(71-75.5 66—-57 64—-75.5)+...+(90-57)x(94—-75.5
Con (= CISTITITS9)+(66 574 T55) .+ 00 5XO4759) oy
Tém lai:
e n=15

e Trong luong trung binh: X =57.0, d6 léch chuan: s, =128 kg
e Vong eo trung binh: y =75.5, d6 léch chuén: s, =11.1 cm

e Hiép bién cua hai trong luong va vong eo: Cov(x, y) = 71.2
Do d6, hé s6 twong quan giita trong luong va vong eo (theo cong thuc [3]) 1a:

_Cov(xy) 712 o,
s,xs, 128x111

r

Dua vao qui udc vira dé cap trong phan trén, ching ta c6 thé néi trong nhém ddi twong
nay, moi tuong quan giita cAn ning va vong eo rat cao. Néu mdi twong quan nay duoc
13p lai & mot hay nhiéu nhém d6i twong khdc, c6 thé sir dung vong eo dé tién dodn trong
luong.

3. Khoang tin cay 95% cua hé sé twong quan
Ciing nhu cdc thong s6 théng ké khdc nhu sb trung binh va do 1éch chuan, hé sb

turong quan ciing chiu anh huéng cia dao dong giita cdc mau. Do d6, chiing ta can phai
wdc tinh khoang tin cdy 95% ctia hé sd twong quan. Xin nhic lai rang, ching ta khong
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biét hé sé twong quan that (tirc 12 hé sb trong quan thé, va hiy goi hé sé nay 1a p) 1a bao
nhiéu, nén phai sir dung hé sb r dé wéc tinh p.

Mubn udc tinh khoang tin cdy 95% cua p, chiing ta can phai udc tinh do léch

-7

N

& dy, nhu cong thirc nay cho thiy, 1a d6 1éch chuan cta r tuy thudc vao r, tirc 12 mat tinh

chuin cta r. Li thuyét théng ké cho biét d6 1éch chuén cua r 12 s, = . Kho khan

doc 1ap. Do d6, can phai tim mot phuong phdp khéc sao cho khach quan hon. Nha théng
ké hoc (va ciing la cha dé cua khoa hoc théng ké hién dai va cha dé cua li thuyét di truyén
hién dai) Ronald A. Fisher ching minh rang thay vi tinh d6 1éch chuén cua r, c6 thé tinh
d6 1éch chuin ctia mot ham sd cua r va s& dat duoc muc tiéu khach quan.

Theo phwong phdp ciia Fisher, trudc hét chiing ta can phai hoan chuyén r sang
mot chi s6 méi z, qua cong thirc sau day:

1 1+r
=—log| — 5
2 5 g(l_rj (5]

V3, c¢6 thé chimg minh rang do l1éch chuan cua z la:

s, = (6]

Do d6, khodng tin cay 95% cua z 1a: z£1.96Xs, . Tat nhién, sau khi da wéc tinh
duoc khoang tin ciy 95% cua z, chiing ta c6 thé hodn chuyén nguoc lai cho khoang tin
cay 95% cua p.

Vi du 1 (tiép theo) — Cén niing va vong eo: O phan trén, ching ta da wdc tinh
r=0.92; do d6, theo [5] chi s z la:
z =1log(1+0'92) = 1.59

2 1-0.92

va voi s6 ¢cd mau n = 15, ching ta c6 thé udc tinh do 1éch chuan cua z qua [6] nhu sau:

s, = ! =0.267

© o J15-3
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Khoang tin cdy 95% cua z dao dong tir 1.067 dén 2.113 (1.59-1.96x0.267 = 1.067 dén
1.59+1.96x0.267 = 2.113). Bay gio, ching ta c¢6 thé hodn chuyén khoang tin ciy 95%
sang hé sb r qua cong thic (suy ra tir cong thirc [5])

2z
e —1

r=——mo 7
e +1 7l

Khi z = 1.067, r = 0.79. Khi z=2.113, r = 0.97. Néi cch khic, hé sb twong quan giita
cin ning va vong eo 12 0.92 véi khoang tin cdy 95% dao dong tir 0.79 dén 0.97.

4. Kiém dinh hai hé sé6 twong quan
Gia str chiing ta c6 hai hé s6 tuong quan 7, va r,, 1a woc s6 ciia hai hé s6 p, va p,
trong mot quﬁn thé. Hai hé sb r, va r, dugc udc tinh tr hai mau doc lap n, va n, ddi

trong. Dé kiém dinh gia dinh ring p, = p, va gid dinh p, # p,, ching ta trudc hét can
phai hoan chuyén r thanh chi sd z:

B A (Ll ) I o [l
12g1—r1 22‘(51—r2

Goi d = z, —z,, chung ta c6 thé chirmg minh rang phuong sai ctia d 1a:

1 1

n-3 n,-3

[8]

2 _
S, =

Hay, né6i cach khéc, d¢ 1éch chuan cua d 1a:

1 1
+

n-3 n,-3

[9]

S; =

Va kiém dinh cho gia thuyét P, =P, co thé tinh todn chi s6 7 nhu sau:

d Zl _ZZ

S, 1 4 1
n-=3 n,—

[10]

W
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C6 thé chimg minh rang néu gia thuyét P, = p, la dang thi 7 tudn theo luat phan phéi
chuin vdi trung binh 0 va phuong sai 1. Diéu niy c6 nghia 1 néu gia tri ctia ¢ thip hon -
2 hay cao hon +2, ching ta c6 thé néi hai hé sb twong quan khéc nhau c¢6 ¥ nghia thong
keé.

Vi du 2 — So sanh hai h¢ s6 twong quan. Gia sir ching ta tim thiy trong y van &
Mi, hé ) tuong quan gitra can nang va vong eo 1a 0.7, va hé $6 nay dugc udce tinh ¢ 1000
d6i trong. Nhimg v6i 15 d6i tuong, ching ta c6 hé s6 0.92. Céu hoi dat ra 1a do khédc
biét gitta hai hé s6 nay c¢6 y nghia théng ké hay chi do cdc yéu t6 ngiu nhién gy nén.

e Voi hé sb r, = 0.7, ching ta c6 z=%log(3—2j=0.867, va phuong sai
1 1

5 =——= 0.001.
n—3 1000-3

e Véihésd r, =0.92, ching ta c6 z = 1.59, va phuong sai s, = ﬁ: 0.0833.

® Do do, do khac biét 1a: d = 0.867 — 1.59 = -0.723. Phuong sai cua d la: sj =
0.001+0.0833 = 0.0843. Do do, chi sé ¢ la:

—0.723
=

10.0843

=-2.49

Vi chi s6 7 thip hon -2.0, chiing ta ¢6 bang ching dé phét biéu rang hé sb twong quan &
ngudi Viét cao hon ¢ ngudi Mi, va do khac biét d6 c6 ¥ nghia thong ké.

5. Tom lwoc

Qua trinh bay trén, ching ta da biét qua 1i thuyét va phuong phép tinh ciing nhu
kiém dinh mot hé sd tuong quan (va so sanh hai hé s6 tuong quan). Cén phai n6i thém
rang cic két qua udc tinh vira trinh bay trén chi ¢6 ¥ nghia néu hai bién x va y tudn theo
luat phan phdi chun (tc normal distribution). Néu gia dinh phan phdi chuin khong dép
g, cic két qua so sdnh c6 thé (nhdn manh: “cé thé”) khong con gid tri. Tuy nhién,
trong thyc té, v6i sb luong ¢& mau 16n, ngay ca 1éch tir luat phan phdi chuan ciing khong
¢6 anh huong 16n dén két qua.
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Can luu ¥ rang khi néi dén twong quan & ddy, ching ta néi dén tuong quan tuyén
tinh — tuvong quan theo luat duong thing. Do d6, két qua phan tich s& khong c6 ¥ nghia
khi méi twong quan khong tuén theo luat tuyén tinh. Diéu ndy quan trong, vi trudc khi
tinh todn hé s twong quan, ching ta nén vé& biéu d6 xem mdi lién hé giira hai bién c6
tuan theo lut trong quan tuyén tinh hay khong. Néu khong, ¢ 1& ching ta can phai
hodn chuyén s lidu trudc khi phan tich. Khoéng c6 phan tich nao c6 hitu hiéu hon 1a biéu
dd. Pon thuan dua vao con s6 rit 6 thé sai 1am.

Biéu dd sau day cho thiy ba mdi trong quan déu c6 hé sb twong quan nhu nhau: r
= 0.62. Nhung chi c¢6 Biéu dd (a) 12 ¢6 ¥ nghia boi vi mbi lién hé giita x va y 1a tuyén
tinh, con mdi lién hé (b) va (c) thi rit khdc.

() (b) (©)

25

Mot diéu cuc ki quan trong cin nam long khi dién dich két qua phén tich twong
quan 1a hé sé tuong quan khong hén phan anh mdi quan hé nhin qua (cause-and-effect
relationship). Néu khong c6 1i do sinh hoc, khong thé va khong nén dién dich hé sb
trong quan theo dinh huéng nguyén nhan va hé qua. Chiang han nhu mdi twong quan
giita trong lugng va vong eo nhu vira phén tich trén rat cao (0.92), nhung diéu nay khong
c6 nghia la trong lugng la nguyén nhan lam cho nguoi ta c6 vong eo rong, hay vong eo
rong 12 nguyén nhan 1am cho ngudi ta cin nang. MObi lién hé ma ching ta quan sit chi
don thuan 1a twong quan. Viéc sir dung va dién dich médi tvong quan d6 trong bdi canh
lam sang ra sao con tuy thudc vao kinh nghiém va kién thirc cua tirng b mon khoa hoc.

Thuat ngir str dung trong bai viét
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Tiéng Viét Tiéng Anh

Hé s6 twong quan Coefficient of correlation
Hiép bién Covariance

Khoang tin cay 95% 95% confidence interval
Phuong sai Variance

Do 1éch chuén Standard deviation

Bién phu thudc Dependent variable

Bién doc lap Independent variable

Chu thich ki thuat: Cic ma R sau day da dugc sir dung cho phan tich vira trinh bay.

# M6 phéng cho biéu dd 1d

# trudc hét tao ra 2 day sb voi 100 dbi tuong ado

# tuan theo ludt phdn phbi chudn bing cach st dung ham rnorm
znl <— rnorm(100)

zn2 <— rnorm(100)

# mubn cé hé sbé tuong quan = 0.8

r = 0.80

# mé phong x véi trung binh 5 va dé léch chudn 1.5

x <= 5 4+ 1.5%znl

# md phéng y véi trung binh 10 va dd léch chudn 2 va r=0.80
y <= 10 + r*2.0*znl + 2.0*sqrt(1-r"2)*zn2

# vé biéu dd

plot(y ~ x, pch=16)

# M6 phéong cho biéu dé le, 1l4n nay hé sb tuong quan = -0.8
znl <- rnorm(100)

zn2 <— rnorm(100)

r = -0.80

x <— 5 4+ 1.5%znl

y <— 10 + r*2.0*znl + 2.0*sqgrt(l-r"2)*zn2

plot(y ~ x, pch=16)

# M6 phoéng cho biéu dé 1f - hé sb tuong quan = 0.001
znl <- rnorm(100)

zn2 <— rnorm(100)

r = 0.001

x <— 5 4+ 1.5%znl

y <— 10 + r*2.0*znl + 2.0*sqgrt(l-r"2)*zn2

plot(y ~ x, pch=16)

# nhap sé liéu trong lugng va vong eo
weight <- c(51,66,47,54,64,75,54,52,53,52,48,46,63,40,90)
waist <- c¢(71,89,64,74,87,93,66,74,75,72,70,66,81,57,94)

# vé biédu dé 2

plot (weight ~ waist, pch=16)

# tinh sb trung binh, dung ham mean
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mean (weight)
mean (waist)

# tinh d6 léch chuidn, dung ham sd
sd (weight)
sd (waist)

# tinh hiép bién va r
cov(weight, waist)
cov (weight, waist) / (sd(weight)*sd(waist))

# hay cé thé si dung ham cor trong R
cor (weight, waist)

# kiém dinh r va khoang tin cay 95%

cor.test (weight, waist)

# vé biéu dbé trong phidn “tém lugc”

y <- c(l0, 8, 13, 9, 11, 14, 6, 4, 12, 7, 5)

x1l <- c¢c(21.26, 20.57, 20.15, 22.28, 21.36, 22.30, 21.35, 18.81, 23.63,
18.73, 20.01)

X2 <— c(22.40, 21.84, 21.35, 22.15, 22.27, 20.43, 20.25, 17.66, 21.90,
21.15, 19.05)

x3 <- c(20.70, 20.43, 25.31, 20.56, 20.80, 21.19, 20.21, 19.90, 20.95,
20.31, 20.09)

plot(y ~ x1, pch=16)

plot(y ~ x2, pch=16)
plot(y ~ x3, pch=16)
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